ecsaTast Bcepoccuiickas onmumnuaja mo reomerpun um. . ®. Illapsiruaa

dunaabHbIN TYyp, ParmMmuno, 2014 r.

Pemtenus 3agau
8 kiacc. IlepBbrit 1eHb

8.1. (FO. Batiyesa, /]. llseyos) OKpyKHOCTH, BIUCAHHAS B IPAMOYTOJIbHBII Tpeyronbauk ABC, kaca-
ercst KareroB AC' u BC' B Toukax By u Ay, a runorenyssl — B Touke C;. [Ipsambre C7 Ay u C By nepecekaior
CA u CB coorsBercrBeHHO B Toukax By n Agy. Hokaxkute, uro ABy = BA,.

Pemtenne. [lepswiti cnocob. Ilycrs 4 — 11eHTD BHEB-
MUCAHHON OKpy2KHOCTH Tpeyrobuuka A BC', Kacaroreii-
ca croporbl AC' n npopomkerus ctoponbl BC' B Tod-
kax By m Aj coorsercrBenno (cum. puc. 8.1). Torma
I4BsCAj — xBazpar, a suaanr [4 A = ByC. Kak us-
BectHo, BoC' = ABj, suaunr [4A, = AB;. Creno-
BATEJIbHO, 4eThipexyroiabHuk AplsAB; — mapaseso-
rpamm, 1o ectb AyBy || IaA. C apyroit croponsr, [4A ||
B,C4, cnenosarensho, Toukn Aj, By u C; jexxat Ha o1
Hoit Ipsimoit u Aj, coBuasiaet ¢ Ag. Torga BAg — oTpe3ok
KacaTeabHOW K BHEBIUCAHHON OKPYKHOCTH, TO €CTh OH .
paBeH mnoJiyiepumMerpy Tpeyrojibanka ABC. Ananorud- e 4

L4

e -~ -~ —‘\\\\ -
HO TIOJTy4YaeM, 9To 0Tpe30oK ABj paBeH MOJIyIIEpUMETPY Ay = Ao ¢ A B
9TOTO 2Ke TPeyTroJbHUKa, OTKy1a ABy = BA,. Puc. 8.1

Bmopoti cnocob. Tak kak orpeskun C'A; u C'By paBHBI pajinycy ' BIUCAHHOW OKPY?KHOCTH, a MPSIMbIe

C1A;, C1 B nepreHMKyISpHbI OMCCeKTprcaM YyIioB B 1 A cOOTBETCTBEHHO, U3 MPSAMOYTOJIbHBIX TPEYTOJIb-
nukop C'AgB; u C'ByA; nonydaem, aro AgC = tg%—A’ B,C = tg%—B' C ppyroii cropoust AC = r + tg%—’“
2 2 2
BC =r+ t%' Caenosarenbuo, ABy = AC' + CBy = BC + C Ay = BA,.
g5

8.2. (b. @penkun) Ilycrs AH, u BH, — Bbicotsl, a AL, n BLj, — 6uccekrpucel Tpeyroyibirka ABC'.
Ussectno, uro H,Hy || LyLy. Bepro sn, uro AC = BC?

OTBeT: 1a.
Permtenue. [lepsviti cnoco6. Tak kak tpeyronbuuku H,H,C' u ABC monobubr (cm. puc. 8.2a), Tpe-
L, L
yroapuanku L, L,C' n ABC' Tak)ke 10J00HBI, TO €CTh Ag = BLg Buaunt 11o106ub! Tpeyroabuuku AL,C u

BL,C. Cnenosarenvuo, /L,BLy, = /Ly,AL,, HO 3T yTIJIbl paBHbI IIOJIOBUHAM YIJI0B B 1 A TpeyrojbHuKa.

3nauntr AC = BC.

C
C
Hb
/A
[ A
A B
Puc. 8.2a Puc. 8.26

Bmopoti cnocob. Tak H,H, u AB anTunapaJsuieabibl orHocuTeIbHO npsaMbix AC' u BC, LoL, u AB
TaKKe aHTUIapaJie bHbl oTHocuTe bHO AC' 1 BC', 3naunT derbipexyroibuuk AL, L, B suucannsrii. Torja,
KaK U B IIPEJIBIIYIIEeM pereHun, moaydaeMm, 9to £ L,BL, = ZL,AL, n AC = BC.

8.3. (A. Baunxos) B tpeyronbuuke ABC ormedens cepeuibl ¢ctopon AC' u BC' — rouku M u N
coorBercTBenHo. Yroa M AN pasen 15°, a yron BAN pasen 45°. Haitaure yron ABM.
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OTtBet: 75°.

Pemtenmne. [lepsviti cnocob. Ipogomkum orpe3ok M N Ha ero jaauny B 06e CTOPOHBI U MOy YUM TOYKU
K u L (cm. puc. 8.3a). Tak xak M — obmias cepenuna AC' u KN, to AKCN — napasuresorpamu. Torma
LCKM =45°, /ZKCM = 15°. Ormerum Ha orpe3ke C'M touky P Ttak, atobwr yroa C'K P 6w11 paBen 15°.
Torna orpesok K P pazobber Tpeyrosbauk K CM Ha j1Ba paBHOOEIPEHHBIX TpeyrojbHUKa. Kpome Toro,
ZPMN = 60°, nosromy tpeyrosbuuk M PN — pasuocroponnuii. Tpeyroabuuku PLN u PK M pasubl,
tpeyrosibHuk C'PL — paBHOOEIPEHHBIH 1 MPAMOYTojbHbIi, orciona ZCLN = ZCLP + ZMLP = 75° =
ZABM, tak kak C'LBM — napaJiiesiorpaMm.

Mootcro ucnoawvsosamov maxotce, wmo nocmpoernas mowka P — yenmp onucannoti okpyostcrnocmu mpe-
yeoavhura KCL.

o C

A B
Puc. 8.3a Puc. 8.30

Bmopoti cnoco6. 1lycts G — Touka nepecedenust Meauan Tpeyroibanka ABC, F — cepenunaa G B, Tpe-
yroabauk G F'O paBrOocTOponHnii, mpudeM Touku O u A jexkat B 0JIHO# MOJTYIIJIOCKOCTH OTHOCHTEIbHO M B
(em. puc. 8.36). [Tockobky ZMODB = 120°, To O — HeHTp OKPYKHOCTH, OIIUCAHHO OKOJIO TPEYTOJIbHUKA
MAB, upu stom ZMOG = 30° = 2/M AG, 3nauntr AG u OG 1iepeceKatoTcsi Ha OIMCAHHON OKPYKHOCTH

/MOA
rpeyrosibanka AM B, o ectb Touku A, O u G nexar Ha omHoit npsamoii. Torna ZABM = = T5H°.

8.4. (T. Kasuyvima) Tans BbIpesasa u3 KIeTdaToil OyMaru TpeyrobHUK, N300paKEHHBIN HA PUCYHKE
8.4a. Uepes HekoTopoe BpeMst JUHUE ceTKH BblBesan. Cmoxer i TaHs MX BOCCTAHOBUTH, HE TOJIB3YSCH
HUKAKIMW HHCTPYMEHTaMH, & TOJbKO repernbast TpeyroabHuk? (mubl cropoH TpeyroibanKa TaHs mom-
HHT. )

C1
Ay \[C2

\ Cs
-1 6 \ Cs
B
Puc. 8.4a Puc. 8.46

Pemtenue. Ilycte ABC — nannbiit tpeyrosnbauk (AC = BC'). 3amernm, 4uto crubas Gymary, MOKHO
HalTH cepeuHy J1I060ro0 3aaHHOro orpeska. [locrponm meanany AAg. Ilo reopeme Qasieca BepTuKaibHbIE
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JIMHUY CETKU JIeJIAT ee Ha YeThipe paBHble dacTu. [loaromy, nocrpous Touky A; takyio aro AA; = AAy/4
U IIEPErHYB TPEYTOJbHUK 10 mpsMoil A mosydanm touky (i, takyio, uro AC) = AB/7 (cm. puc. 8.46).
Teneps, moctpous orpesku C1Cy = Co,C5 = ... = C5Cs = ACY, Mbl HaiifieM Bce y3/Ibl CETKHU, JIeXKallie
Ha cropone AB. IleperayB TpeyroibHUK 1O TPIMOii, mpoxosdieil gepe3 Cy, Tak, 9To0bl Touka C3 momnaJia
Ha npsimyto C'CY, Mbl TOJYYUM JIMHUIO CETKH, MPOXosinyto dyepe3 Cy, u T. 1. [leprenuKyisipable JTUHUT
CTPOATCST AHAJIOTUIHO.



ecarast Bcepoccuiickas onmumMnuaja mo reomerpun um. . @. [Hlapbiruna

dunaabHbIN TYyp, ParmMmuno, 2014 r.

Pemtenus 3agau

8 kiacc. Bropoii 1eub

8.5. (A. Ilanosanos) dau tpeyronbuuk ¢ yriamu 30, 70 u 80 rpasycos. Paspe:kbre ero oTpeskom Ha jiBa
TPeyTroJIbHUKA TaK, YTOOBI OMCCEKTPHUCA OJHOTO U3 3TUX TPEYTOJbHUKOB U MeIraHa BTOPOTO, IPOBEIEHHBIE
13 KOHIIOB Pa3pe3aloliero 0TpesKa, ObLIN NapasiieabHbl APYT ApyTy. (Jocmamouno natimu odno pewenue.)

Permtenue. Ilycts B Tpeyronpanke ABC /A = 30°, /B = 70°,
ZC = 80° (cm. puc. 8.5). Ilposenem Boicory AH. Torna ZCAH =
=/MHA =10°, tne M — cepemuna AC'. Ilpu stom ZHAL = 10°,
rie L — ocHOBaHmMe OucceKTpuchl Tpeyroabanka H AB, nposeeH-
Hoit u3 Bepmmubl A. SnaunTt meauana Tpeyroiabauka AHC, mpose-
JleHHast u3 BepimHbl H |, u 6uccekTpuca Tpeyroibauka BAH , mpo-
BeJIeHHAsI W3 BEPIIMHBI A, mapaJutebHbl, a Bbicota AH sBisteTcs
HUCKOMBIM Pa3JIe/IAIONIM OTPE3KOM.

A B
Puc. 8.5
8.6. (B. fcunckuir) e okpyxkuocru ki u ke ¢ iearpamu O1 u Oy KacaroTcs BHEITHIM 00pa30M B TOUKe
O. Toukn X u Y nexar Ha ki u kg coorBercTtBeHHO Tak, uTo Jiyan O1 X n OsY oIMHAKOBO HAIIpABJICHBI.
W3 touku X mposejieHbl KacaTeabHble K kg, a u3 Toukn Y — K ki. Jlokaxkure, 9T0 9TU YeThIpPe IPsAMbIe
KacaloTCs OHOI OKPYZKHOCTH, IPOXOIsIieil depe3 Touky O.

Pemenne. O6osznaunm 1epes S touky nepeceueruss XOs u YO; (em. puc. 8.6). Ilycrs r; u ry —

XS 0.5 0,0
PAJIIYCHI COOTBETCTBYIONIX OKpysKHOcTei. Torma — = —— = L = 212 Byauur, SO || OoY u SO =

S04 SY  ry 0O,

1 T1ir2

2 .
1+ 1o rL+1ro

Puc. 8.6
[Tycrs X7 — onna us3 KacarebHBIX 13 X KO BTOPOil OKpyzKHOCTH, a Z' — mpoeknust S Ha X Z. Torna
/ ! 172
S7Z = 0,7 = = SO. AHajoru4Ho JOKa3bIBAETCs, UYTO PACCTOSTHHE OT S 0 OCTAJbHBIX

1+ T2 r1 4T
KacaTeTbHbIX Takke paBHO SO, To ecTb S U €CTh MEHTP TpeOyeMoil OKPYKHOCTH.

8.7. (Doavkaop) JIBe TOUKHM OKPYZKHOCTH COEJMHUIN JIOMAHOM, JIMHA A~ B
KOTOPOII MEHbIIIe JITaMeTpa OKPY2KHOCTH. /loKaxKuTe, 94TO CyIIeCTBYET Tua-
MeTD, He IepeceKaroIuil 3Ty JTOMaHYIO.

Pemenne. Ilycrs Touku A u B — kounbl jomanoit. Paccmorpum aua- X Y
merp XY, nmapasutenbubiit AB (em. puc. 8.7). Ilycrs Touka C' cuvmerpudna
B ornocurensno XY, torna AC' — quamerp okpy»KHOCTH. PaceMoTpum Jiro-

6y1o Touky Z xopabl XY . Tak kak AZ+BZ = AZ+CZ > AC, Z e moxet

JIeXKaTh Ha JJOMaHO#, a 3HauuT jguamMerp XY IOJIXO/IUT.
Puc. 8.7



8.8. (Tran Quang Hung) Ilyctrb M — cepemuna xopast AB okpyxHoctu ¢ tieatpom O. Touka K
cummerpuaaa M oraocurenbuo O, P — npousBoJibHast TOUKa OKpyzkHOCTH. [lepnienukysap Kk AB B Touke
A u neprieniukysisip K PK B Touke P nepecekarorcs B Touke (). Touka H — npoeknust P wa AB. Jlokaxkure,
aro upsamast QB genut orpe3ok PH momosam.

Pemtenne. [lepsuii cnocob. Ilycrs w — marnast OKpyKHOCTH (¢ 1ieHTpoM B Touke O) n QA mepecekaer
w B Touke C, oramanoit ot A (cMm. puc. 8.8a). Tak kak BC' — numamerp w, 1o orpe3sku BC' u MK nenst
JIpyr apyra momroaam, To ectb CK BM — mnapannenorpamm. Torma, mockoabky M — cepemnna AB, To
CKM A — upsamoyrosbauk. Jlokaxkem, aro orpesku M Q) n PC neprenankyasgpHabl. Mbl nMeeM:

MC? — MP? - QC? + QP? = (CK* + MK?) — (2P0O? + 20K? — PK?) — (QK* — CK*)+
+(QK? — PK?) = 2CK? + 40K? — 2P0O* — 20K* = 2CK* + 20K* — 20C? = 0.
Buauut, M) L PC. Illycrs BP nepecekaer QA B touke R. Tak kak C'B — mumamerp w, BR 1 PC.

Canenosarensro, M@ || BR, u nockonbky M — cepeauna AB, 1o () — cepeauna AR. Sunaunt QB gesut
P H nonosam.

B

= P
Qe /"

/:(}\
C % N \\ 14 K \\

L1 H .l 7‘\ =
A H M B

Puc. 8.8a Puc. 8.86

Bmopot cnocob. 3amerum, uro ZPBA # 90°; unaue PK || AB, u trouka () e cymecrsyer. Torya mpsi-
mast B P nepecekaer AQ) B Hekoropoit Touke R (cm. puc. 8.86). Tpeyrossuuku BPH u BRA roMoTeTHyHbI,
TaK 9TO JOCTATOYHO JI0Ka3aTh, 9T0 () — cepenmaa AR.

[Tycrs P’ — Touka, quameTpaJibHo nporusomnosioxkuas K P. Torma PA 1 PPA, PR 1 P'B, AR 1 AB, 1o
ecTb B Tpeyroybankax P’ AB u PAR cooTBeTCTBEHHBIE CTOPOHBI EPIEH UK YJISIPHBL. SHAYUT, OHU 1T0I00HbI,

U UX MeJuanbl u3 Bepimu P u P’ rakke neprenukynspisl. Ho n3 cummverpun otocutensao O cienyer,
qro P’M || PK uw P'M L PQ. 9to n o3uauaer, uro PQ) — meaunana B APAR.



ecarast Bcepoccuiickas onmumMnuaja mo reomerpun um. . @. [Hlapbiruna

dunaabHbIN TYyp, ParmMmuno, 2014 r.

Pemtenus 3agau

9 kmaacc. IlepBbrit 1eHb

9.1. (B. Hcunckui) Ilycte ABC'D — Brimcanublii yerbipexyroibauk. Jokazxure, aro AC' > BD torna
u TosIbKO Torna, Kormpa (AD — BC)(AB — CD) > 0.

Pemienne. [lepswiti cnocob. Be3 orpanntdenusi oOIMIHOCTH MOYKHO CUU-
taTh, 4To nyru ABC u BCD me mpeBOCXOJAT MOJIYOKPYKHOCTH. Torma
— AD = 27— — ABC—- — BCD+ — BC >— BC(C. TlockoybKy myra C
ABCD rakxe 6osbiie jpyru BC, noxy4aaem, aro AD > BC.

Teneps, eciu AC > BD, o — ABC >— BCD, — AB >— CD n
AB > CD. Ilpu AC < BD Bce HepaBeHCTBa MEHSIOTCS Ha, TTPOTHUBOTIOJIOK-

HBIE.

Bmopoti c¢nocob. Ilycts AL — cambrit ajmuHHBIT 13 orpe3skoB AL, BL,
CL, DL (ewm. puc. 9.1). Torna, B cusy pasercrsa AL-CL = BL-DL, CL —
caMblii KOpoTKHit 13 9tux orpe3kos. Torna AL —CL > |BL— DL|, orciona
AC? = (AL+CL)> = (AL—CL)*+4AL-CL > |BL— DL|?+4BL-DL = Prc. 9.1
= (BL + DL)? = BD?, u3 4ero u cjejiyer yTBep:K/JIeHUE 3a/1a4M1.

9.2. (@. Hunos) B uernipexyronbiuke ABC'D yribt A u C' — npsimble. Ha croponax AB u C'D kax
Ha JuaMeTpax IOCTPOEHLI OKPYXKHOCTH, Iepecekaionuecs B Toukax X u Y. Jlokaxkure, uro npsamas XY
pOXoIuT 4epe3 cepeuny puaronaan AC.

Pemenmne. [lyctb M, N, K — cepequnabt AB, C'D u AC coorBercrBenno. Torma crenensb Touknm K

CB? — AB?
OTHOCHTEJILHO OKPYZKHOCTH ¢ jJuamerpoM AB pasma KM? — M A% = —— & OTHOCHTE/ILHO OKDYK-
AD? — CD? 2 2 2 2 2
Hoctu ¢ quamerpom C'D — — Tak kak AB*+ AD?* = BD* = BC*+(CD?, noany4aem, 9TO CTeIeHN
pPABHBI.
[C—
B
wl
A D
Puc. 9.2

9.3. (E. Juomudos) Haun octperit yron A u touka E BHyTpH Hero. [locTponTh Ha CTOpOHAX yTyla TOYKH
B, C rak, arobsl E Oblta 1eHTpOM OKpyzKHOCTH Ditiepa Tpeyroibauka ABC. (Hccaedosarnue nposodums
He mpebyemca.)

Pemenne. Ilepswiti cnoco6. Ilycts M, K u L — cepemunabr ctopon AB, BC' u AC' coOTBETCTBEHHO.
Torna /ZLEM = 2/LKM = 2/A. Obo3naunm cropoubl /A depe3 [y u ly Tak, 9TOOBI IIpHU ITOBOPOTE
BOKpyT A Ha /A nportus dacoBoii crpesiku [; nepexojuia B ly. Torga mpu moBopoTe 10 9acoBoOii CTpesiKe
BOKpYT F Ha yroi 2/ A cepeinHa CTOPOHBI TPEYTOJIbHUKA, JiexKalleil Ha [y, epeiijieT B cepeHy CTOPOHBI,
nexarreit Ha lo. [losTomy Touka, cummerpuunas A orHOcuTesbHO M, OyjeT BEpIIUHONW TPEYrOJIbHUKA.
Bropast BepmmHa cTpouTCsS aHAJIOTHIHO.



b

Puc. 9.3

Bmopoti cnoco6. Ilycts O u H — 1ieHTp ONMUCaHHON OKPY?KHOCTH U OPTOIEHTpP Tpeyrojabauka. Torma K —
cepequna orpeska OH, /BAO = /ZHAC nw AH = 2A0 cos ZA. CretoBaTeIbHO KOMIIO3UINST CUMMETPUAN
OTHOCUTEJIbHO OmccekTpuckl yria A, romorernn ¢ mearpom A n koaddunmentom 2 cos ZA u cuMmMeTpun
oTHOCUTENIbHO F sapjsiercs nomgoduem ¢ reaTpom (OO. CoOTBETCTBEHHO, HaliIdA IEHTP 9TOrO MOJM00MsT, MOKHO
IIOCTPOUTDHL TOYKHU B n C KaK BTOpPbI€ TOYKHU IlepecevdeHurud CTOPOH JJaHHOI'O yIJVla M OKPY2KHOCTH C HEHTPOM
O, npoxosiieit depe3 A.

ITpumeuanmue. [Ipu LA = 60° paccMoTpeHHOE T0A001e OYIeT CUMMeTPHel OTHOCUTEIHHO IIPSIMOM, ITPOXOIATIE
uepes E u neprnennukyngpnoil 6uccekrpuce yria A. Coorsercrsenno, B kKadecTtse O MOXKHO OpaTh JIIOOYIO TOUKY
9TOl mpsiMoii. B ocTabHBIX ciIydasix pelieHne eInHCTBEHHO.

9.4. (Mahdi ETtesami Fard) Oprouenrp H tpeyronbauka ABC' jieXKuT Ha BIMCAHHON B TPEyTOJbHUK
okpyzxHocTu. /Jokaxkure, uro Tpu oKpyKHOCTHU ¢ TieHTpamu A, B, C', npoxojsiiue dyepe3 H, uMeroT 0011y io
KacaTe/bHYIO.

Pemtenue. Illepswiti cnoco6. Ilycrs H,, Hy,, H. — ocHOoBaHUs BbICOT TpeyrojbHuka. Tak kak AH -
HH,=BH - -HH,=CH - HH,., To cymecTByeT uuBepcus ¢ nearpom H, nepesomsias touku A, B, C' B
H,, Hy, H. cooTBeTCTBEHHO (B CJIy9ae 0OCTPOYTOJbHOTO TPEYTOJIbHUKA HAJ0 B3ATh KOMIIO3HUIIUIO HHBEPCUN
U TeHTPAJILHON cuMMerpun oTHOocuTebHO H ). Ilpu 9Toi MHBEpCHE CTOPOHBI TPEYTOJHHUKA MepeiiyT B
okpy:kHocTH ¢ guamerpamu AH, BH, CH, a BuucanHas OKPY>KHOCTb — B IPSIMYIO, KacalOILyOCs ITHX
okpyzxkHocTeil. Vickomas mpsiMasi ToJiydaeTcs U3 9Toi roMmoTeTneii ¢ neHTpoM H u Kosddunmentom 2.

Bmopoti cnoco6. Ilycrs I — nienTp Buucannoii okpyzxuoctu, Ay, By, C1 — ToOYKM eé KacaHusi O CTOPO-
namu BC', AC; AB cootBercTBeHHO, a Ag, By, Cy — Takue Toukn (Ha TPEX OKPYKHOCTSAX U3 YCJIOBHUS ), ITO
ANATH ~ AHAAy, ABiIH ~ AHBBy u AC1IH ~ AHCCy (1107106HbBIE TPEYTOTBHUKN PACIIOIOKEHBI
TaK, 94TO WX CTOPOHBI COOTBETCTBEHHO NapaJuiesbhbl). KacareabHble B 9TUX TOYKAX K 9TUM OKPYKHOCTSIM
napaJsiieIbHbl KacaTeabHoil B H KO BIMCAHHOI; JIOCTATOYHO JOKA3aTh, YTO 9TH KacaTeJbHbIE COBIIAJIAIOT,

a JIJIst 9TOr0 JIOCTATOYHO TOKAa3aTh, 9TO HpoeKir BeKTopoB H Ay, HBy u HCy na [ H pasubl. Herpyaao
BUJIETh, YTO OHU coHarpasjeHbl. [lockonbky H Ay coctasisier pasubie yriibtl ¢ [ H u [ Ay, qjinna nepsoii mpo-

AH
eKIK paBHa JyuHe npoeknnn H Ay na AH, 1o ectb — - HA', rne A’ — ocHoBanue BBICOTHI. AHAJIOTHYHO
T

BBIYUC/IAIOTCS OCTaIbHbIE IIPOEKINN; OCTaJI0Ch 3aMeTuTh, uro AH - HA' = BH - HB' = CH - HC'.



ecarast Bcepoccuiickas onmumMnuaja mo reomerpun um. . @. [Hlapbiruna

dunaabHbIN TYyp, ParmMmuno, 2014 r.

Pemtenus 3agau

9 kjacc. Bropoii 1eub

9.5. (/. Illseyos) B tpeyrosnbanke ABC /B = 60°, O — 1ieHTp OIicaHHoit OKpyKHOCTH, B L — Guccek-
Tpuca. OmmcanHasi OKPYKHOCTb Tpeyroiabauka BO L mepecekaeT ONMUCaHHYIO OKPYKHOCTH TPEYTOJbLHUKA
ABC Bropuuno B Touke D. [lokaxure, aro BD 1 AC.

Pemtenune. Ilycte H — opronentp Tpeyroabanka ABC, D' — to4-
Ka, cumMerpuutas H ornocurensio AC. Torma D' jiexkuT Ha onucaHHO
OKPYKHOCTH, & TaK Kak /B = 60°, to BO = BH (sTor dakT MOXKHO
JIOKa3aTh, HAIIPUMeEp, TaK: 3aMeTUM, UTO ITOCKOJIbKY /B = 60°, To onu-
canuble OKpYy2KHOCTH TpeyroabHuKOB ABC' 1 AOC' paBHBI U COBMEIAIOT-
sl mapaJiieJbHbIM TlepeHocoM Ha BekTop BH, nosromy BH = R = BO).
Bnaunt, nockoiabKy BL — 6uccekrpuca yrima OBH, ro LO = LH = LD'.
Tpeyrosbaukun LBO u LBH paubl (IO JBYM CTOpDOHAM ¥ YTJIy MEK-
ay uumn), orcioga ZBOL = ZBHL. U3 cummerpun oraocuresibuo AC:
/BD'L = Z/LHD' = 180° — Z/BHL, orciona /BOL + Z/BD'H = 180°.
CneoBarenbro, Yerbipexyroibiank BOLD' Brnucannbiii u D' coBmajaer Puc. 9.5
cD.

9.6. (A. Hoaanckuii) Ilycrs I — nenTp Bumcanuoii okpyzkuoctu Tpeyrojibuuka ABC, M, N — cepenu-
ubl 1yr ABC u BAC' onucannoit okpyxkuoctu. Jlokaxkure, uro Ttouku M, I, N jexkar Ha OIHON HPSIMOI
TOrJa U TOJIBKO Torma, Korga AC' + BC = 3AB.

Pemenune. [lepsuii cnocob. Obosnaanm uepes Ay, By u C cepemuant 1yr BC', CA nu AB, He conepika-
mux Jpyrux BepimH tpeyrojasiuka ABC (cMm. puc. 9.6a), Kpome Toro, myctb Ag u By — TOUKEM KacaHusl
BIIMCAHHON OKpyzkHOCTH cO cropoHamu BC' u C'A cooTBEeTCTBEHHO.

[Tycts M N npoxoaur depes I. Tak kak A1 N u By M — nuamerpsl, To A1 By u M N paBHbI 1 HapaJsiieib-
ubl. Kak mzBectrro, A1 B; L CCi u CCy = Cyl. VI3 cuMmMeTpun OTHOCUTEIHLHO CePeTMHHOTO TTePITeH TIKY/IsI-
pa k CCy mmeem C'Cy = C11, Kpome TOTO, U3 MpsaMoyroibHOro Tpeyroiabanka C' Ayl momyanm, aro Cy Ay =
C5C. Torma, mo Teopeme o Tpesybie CoAg = CoC = IC, = C1A = C1B. To ecrb Tpeyrospauku CoC Ay
u C1AB pasubl (AB = CAp). Orciona u nosyaaem pasencrso AC' + CB = ABy + ByC' + CAg+ AgB =
=2AB+ ABy+ AgB = 3AB. B o6parHyio cTOpOHY aHAJIOTUIHO.

C

J

Puc. 9.6a Puc. 9.66

Bmopoti cnocob. Tlycts J — 1eHTp BHEBIIMCAHHON OKPY’KHOCTH, Kacatoreiicst cropoubl AB (eMm. puc.
9.66). ITo reopeme o rpusiucrauke Touku M u N sapisiorcs nearpamu okpyzuocreit AC'J u BC'J, cienosa-
tesibHo M N — cepeuHubIil iepreHuKy/asap K orpesky C'J, To ectb I — cepeqauna C'J. CaesaB roMOTETHIO
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c nearpom C' u koaddureHToM 1/2 moryanm, 9o BIUCAHHAST OKPY?KHOCTH KaCAETCsl CPeJIHEll JINHUU TPe-
yTrOJIbHUKA, TapaJjie/ibaoit AB. YcaoBre OMUCAaHHOCTU Tpalelu, 00pa30BaHHOM 3TOi cpejiHell JuHuel u
CTOPOHAMU PaBHOCHILHO TpebyeMomy paBeHCTBY. OOpaTHOe yTBEpKIEHNE JTOKA3BIBAETCS aHATOTUIHO.

9.7. (H. Beayzros) IleBaTh OKPYKHOCTEl DPACIOIOKEHBI BOKPYT IIPOM3BOJBHOIO TPEYTOJbHUKA, KaK
mokasaHo Ha pucyHke 9.7a. OKpyKHOCTH, Kacalommecs OJHOW W TOH »Ke CTOPOHBI TPEyroJbHUKA, PaBHBI
Mezk Ly coboit. JlokaxkuTe, 4TO TPU NpsiMble HA PUCYHKE TepeceKaloTcs B ojHol Touke. (IIpsMble mpoxost
Yepes3 BEPIINHBI TPEYTOJIbHUKA U IEHTPhI COOTBETCTBYIONIIX OKPYZKHOCTEIH. )

Pemienne. Beejiem obo3Hadenusi, Kak Ha pucynke 9.76. Ilycts ry, 1, 1 1. — paJiiyCchbl OKPY2KHOCTEI C
nerarpamu O,, O, u O, coorBerctBerHo, d,(X) — paccrosinue or Toukn X no BC, d, u d. onpeneseHbl

aHaJIOTUYHO.

Puc. 9.7a Puc. 9.76

®urypa, cocrosias u3 jaydeir CA, CB u Tpex nepsbix, cautas ot C', okpyzxKHOCTel, Kacaonmxes C' A,
nojiobua durype u3 jyueir CB, C'A u okpyxuocreii, kacatouxcs CB. CienoBarensho, d,(Op) @ 15 =
= dy(O,) : 1. AHATIOTHYHBIE paBEHCTBA BepHBI st BepinH A u B.

Tenepbp MBI UMeeM

dc(Oa) da(Ob) db(Oc> dc<0a) db<Oc) da<0b) Ta Te Th

0(02) 4(0) 4u(0) ~ du(00) d(On) @(O0) 1o 1y T4 "

9TO IIO TeopeMe YeBu! BeUeT YTBEPKJICHUE 3a/la9U.

9.8. (H. Beayzos, C. I'epdorcuros) Boimykiibiit (haHepHBIH MHOTOYTOIBHUK P JIeXKUT Ha JIePEBSIHHOM
crosie. B cTos1 MOXKHO BOMBATH TBO3/M, KOTOPBIE HE JIOJIZKHBI ITPOXOUTH Yepe3 PP, HO MOTyT KacaTbCs ero
rpanuipl. QUKCHPYONIUM Ha3bIBaeTCsi HAOOp TBO3JEl, He TO3BOJIAONm Jsurath P 1o crosy. Haiinure
MUHUMAJIbHOE KOJIMYECTBO I'BO3JIEH, M03BOJIsIONIee 3abUKCUPOBATD JIIOOOM BBIITYKJIbIII MHOTOYTOJIbHUK.

Pemtenne. Eciu P — napaJuiesiorpaMM, TO HY?KHO He MeHee 4eTbipex I'Bo3jeil. /leiicTBuTebHo, ecin
CTOpPOHA S HE KacaeTcss HUKAKOTO I'BO3/Id, OT P MOXKHO JIBUTATh B HAIIPABJICHUHU JIBYX CMEXKHBIX C S CTOPOH.

[Tokazkem Terepb, 9TO JIIOOOH BBITYKJIbIII MHOTOYTOJIBHUK P MOXKHO 3a(UKCHPOBATH YETHIPbMS I'BO3-
JISIMU.

[Iycts okpyx)HOCTH ¢ ¢ TileHTpoM () HamOOJIbINas U3 OKPYKHOCTEl, jexarux Baytpu P, Ay, Ag, ...,
Ay, Touknm KacaHusi ¢ co cropoHamu P, H — BbITyK/iasg 000JI09Ka 3TUX TOYEK.

[Tpeamomoxkum, 9To cymecTBYIOT aBe Bepmuubl U n V' MHOrOoyrosmsanka H takwme, uro UV — nmamerp
¢ (cm. puc. 9.8a). Bobbem nBa rBo3ig B Touku U u V. OueBujno, uro croponsr P, copepxamue U u V
napaJijie/IbHbI, CJIe0BATEIbHO P MOXKHO JBUTATh TOJBLKO B HAITpaBjeHuu, nepueHukyaapiom UV . HToobl
zadukcupoBarh P, JIOCTATOYHO BOUTH €Ille JIBa I'BO3/s, IIPEIsITCTBYIONINE ero JIBUXKEHUIO BJIEBO U BIIPABO

—
or UV.



A

Puc. 9.8a Puc. 9.86

Bymnewm teneps canrarh, 9To cTopoHbl 1 guaroHanun H we comepxkar O.

[Ipeamonoxum, aro O € H. Ilycrs P(Q) cropona H, pasnensiiomas H n O, a KacareJbHbIE K ¢ B TOUYKaX
P u () nepecekatorcs B Touke 1. Torma cyriecTByeT roMoTeTsi ¢ meHTpoM 1’ 1 K03 PUITUEHTOM, OOTBITNAM
1, nmepeBoisinast ¢ B OOJIBIIYIO OKPY?KHOCTD, JICXKAIIYIO BHYTpU P — IpoTHBOpEYne.

Taxkum obpasom, O € H. Torga cymecrsyer tpeyroasauk ABC, copepxanuit O (cm. puc. 9.86). (A,
B, C tpu touku Kacanusi ¢ co croponamu P.) Jlerko Bujers, 9T0 Tpu rBo3/s, Boutkie B Touku A, B u C
dukcupytor P.



ecarast Bcepoccuiickas onmumMnuaja mo reomerpun um. . @. [Hlapbiruna

dunaabHbIN TYyp, ParmMmuno, 2014 r.

Pemtenus 3agau

10 kaacc. IlepBbrit feHb

10.1 (/4. Bozdanos, b. @Pperkun) Bepumubl paBHOGEIPEHHOTO TPEYTOJbHUKA U IIEHTD €r0 OIMUCAHHON
OKPYZKHOCTH JIE?KAaT Ha YeTBIPEX PasIMIHBIX CTOPOHAX KBajpara. Haiimure yriasl TpeyrogbHEKA.

Otset: 15°, 15° u 150°.

Pemenne. [Iycts ABC'D — kBajpart, Bepmmabl X, Y, Z paBHOOEIPEHHOTO
TpeyroJibHuKa Jjiexkar Ha croponax BC, CD, DA cooTBeTCTBEHHO, a IEHTP OI-
cannoit okpyzxkuoctu O tpeyrosbauka XY Z nexur va AB (cm. puc. 10.1). Tak
kKak orpe3ok OY mepecekaer orpe3ok X7, yron XY Z Tymoii, mo3ToOMy OCHO-
BaHUEeM PaBHOOEIPEHHOrO TPEYToJbHUKA dBJsgeTcd nMenno X Z. Tora oTpeskn
OY u XZ neprienukysisipabl. [JoCKOTbKY WX COOTBETCTBEHHBIE TTPOEKITUU HA
neprennKyagpubie npsavbie BC' u AB paBHBI, OHE U CAMU PABHbBI, TO €CTb CTO-
pona Tpeyroibuuka XY Z paBHa pajyCcy €ro OlnuCaHHON OKPYKHOCTH.

[Tockouibky yros XY Z Tynoit, orcioga caeiyet, auto ZXY Z = 150°, a Torma Puc. 10.1
OCTaJIbHBIE YTUIBI TPEYTOJbHUKA PaBHBI 110 15°.

10.2 (A. 3epuanos, /1. Cxpobom) Jlanbl OKpYKHOCTE, eé xopjia AB u Touka W — cepejinHa MeHbIIel
nyru AB. Ha Gosbineit nyre AB Boibupaercs npousBoJibHas Toduka C'. KacarenbHas K OKPYXKHOCTH W3
toukn C' mepecekaeT kKacareynbHble u3 TodeK A m B B Toukax X m Y coorBercrBenHo. Ilpsmbre WX u
WY mnepecekator npsimyio AB B Toukax N u M coorBercrBerno. /lokaxkure, uro jymua orpe3ka N M ne
3aBUCHUT OT BbIOOpa Touku C'.

Petenne. [lepswviti cnocob. Ilycrs orpesku AB u CW nepecekatorcst B Touke 1" (em. puc. 10.2). Torma
LACW = LABW = ZT AW, 1o ectb Tpeyronbanku CAW u ATW nonobusr. Torja, TOCKOIBKY TIpsMast
WX — cumenmnana B Tpeyrosbauke C AW, ona sBistercss meananoit B Tpeyrosbauka ATW | To ecTh TOUKa
N — cepemuna AT. Aunanoruano, Touka M — cepenuna BT, orkyna MN = AB/2.

X

Puc. 10.2

Bmopoti cnoco6. Tlockonbky W — cepennna nyru AB, kacarenbHas B Heit mapastenbaa AB. Copeprmm
roMoTeTuio ¢ 1eaTpoM C) TepeBOMAILYI0 9Ty KacareJbHyio B AB; mycTh Halmma OKPYXKHOCTH HMPHU ITON
TOMOTETHUH [TEPEXOUT B OKPYKHOCTh W, a Touka W — B Touky 7.

3 nos06msa rpeyronsunkos CAW u ATW | foKa3anHOTo B IIPeIBIIYIIEM criocobe, ciaeyer, aro AW? =
= WC - WT, to ectb W nexur #Ha paaukayibHoit ocu w u Touku A. [Tockombky XA = XC', Ttouka X
TaKzKe Ha, Hell JTeyKUT. SHAUUT, 9Ta pajnKaabaag och ectb WX, orkyna NA?2 = NT?, u N — cepenuna AT.
Awnanornano, M — cepequna BT, orkyna MN = AB/2.



10.3 (A. Baunxos) BepHo Jiu, 9TO CyHNIECTBYIOT BBIMYKJIbIE MHOIOIPDAHHUKHU C JIIOOBIM KOJIMIECTBOM
muaronadseit? (Juazonanvio nasvieaemes ompe3ox, coeduHAOWul 06e 6epuUHDL MHOLOZPAHHUKAG U He Ae-
orcauutll Ha €20 NOBEPTHOCTAU. )

Otser: ja.

Pemtenmne. [locTponM BBITYK/IBIIT MHOTOrpAaHHUK ¢ N guaroHaigamu. [lpu n = 0 rogurcsa jobas mupa-
MUJIA.

[Iycts n > 0. Bosbmem (n + 2)-yrombuyto mmpamuiy SAj ... A, 2. Iloctpoum BoBHE Heé Ha rpaHu
SA, 1A, 2 Kak Ha ocHoBaHuu tmpamuiry TSA, 1A, 2 (Tak, 9T06bI BCe n + 4 MOCTPOEHHBIX BEPIIUHDI
HAXOJWJINCh B BBIMYKJIOM TojioKeHun). OObenHeHne 3TuX JBYX MUPAMUJ] — BBITYKJIBIH MHOTOIDAHHUK
TSA;... A, 2, JHArOHAJSIMI KOTOPOTO SIBJISIFOTCS POBHO orpe3ku T Ay, ..., T'A,,.

10.4 (A. T'apraswii, A. Cokonos) an duxcuposannbiii Tpeyroibauk ABC. Ilycte D — mponsBosib-
Hasi TOYKA B IJIOCKOCTU TPEYTOJbHUKA, HE COBIAJIaoNas ¢ ero Beprmmuamu. OKpPyKHOCTD € TIEHTPOM B D,
npoxoisitias depe3 A, nepecekaer sropudno npsimbie AB nu AC' B Toukax A, u A. COOTBETCTBEHHO. AHAJIO-
rudHo onpepensaiorca Touku B,, B., C, u Cy. Touky D nazoBém xopowet, ecii Touku Ay, A., By, B., C, n
Cy stexkar Ha ofHOi OKpyKHOCTH. CKOJIBKO MOYKET OKa3aThCsl TOYEK, XOPOIIKX JIJIsl JAHHOTO TPEeyTroJbHUKA
ABC?

OtBert: 2, 3 uu 4.

Pemnenne. Ouennno, aro nentp O onucanuoit okpyzkuoctu {2 Tpeyroibanka A BC — xoporlmas To4Ka,
ITOCKOJIBKY B 9TOM ciaydae B, =C, = A, A, =C,=Bu A, =B.=C.

Cy

Puc. 10.4a

PacemorpuMm teneps sobyio xopomryio Touky D # O. Ilycrs A', B', C' — npoekmun D na BC, C A,
AB coorsercrsento. Toukun A u A, cumMerpuunbl orHocuTenbHo C7) Takyke Kak U Touku B u B,. 3naqwur,
cepeaunnbl orpeskoB AB n AyB, Takxke cUMMETPUYHBI oTHOcUTeabHO C'; CIel10BaTe/IbHO, CepeIuHHbINi
nepreHmKyaap Kk Ay B, mpoxomut depes touky O, cummerpuanyio O ornocuresnbio D (em. puc. 10.4a).
Amnajtornuno, cepeaunubie neprenaukyaapbl Kk A.C, n B.C, tak:xke npoxogar depes O/, Ipu 3TOM OHU He
napaJuienbHbl; 3HauuT, O’ 1 ABJISETCS NEHTPOM OKPYKHOCTH, ITPOXOJAIIEli Yepes MecTb TOYeK.

Hanee, kaxxaast u3 Touek D u O pasHoymanena or A, u A.; nipu 3tom D # O', ubo D # O. 3uaqur,
upsamas DO’ aBisiercst cepeMHHbIM T1epuenauKyiaapoM K Ay A.. Ho B'C’ — cpensist IMHUS B TPEYTOJILHUKE
AALA., cienoBarensrio, DO’ 1 B'C’. Ananoruano nonydaem, uro DO' 1 A'B’) to ects Touku A’, B’ u C'
JIeXKaT Ha OojHO# npstmoit. 3Haunt, D jexur Ha Q, a A'B'C’ — eé npamas Cumcona. Kpome Toro, sra
npsiMast epreHnKyasapaa npsamoit DO’ to ecrb pajguycy DO (cm. puc. 10.46).

HaobGopor, mycts Touka D okpyzknoctu ) TakoBa, 4To e€ rnpsiMmasi Cumcona mnepreHuky/asipaa OD.
Obpainas paccyzKIeHus IpeabLIyIInX AByX ab3ales, moydaeM, 9To Touka O JIeKUT Ha CepeIuHHBIX HIep-
eHINKYyJsipax K orpeskam A, B,, B.Cy, A.Cy, AyA., B,B. u C,Cy, TO ecTb BCe IeCTh TOUEK PaBHOY/IAICHDI
or O'. Bnaunt, Touka [D — XopoIasi.

Haitém rerepb KoJimdecTBO onmmcanHbIX Touek. [lycrh Touka X jaBmzkercs 1o ) Tak, 9TO yrjioBasi CKO-
poctb pagauyca OX mocrosiHaa. Kak u3BecTHO (M HETPY/HO MOKa3aTh CUYETOM yrJIoB), npsmMast CumcoHa
TOYKN X BPAIIAeTCsl CO BIBOE MEHBIIEH YIJIOBOH CKOPOCTBIO B IIPOTHUBOIOJJIOKHOM HAIIPABJIEHUN. SHAYUT,
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yroJ Mexkry OX u 9Toii npsiMOil MEHSETCs C IMOJIyTOPHON CKOPOCTBIO, ITO3TOMY Ha OIMCAHHON OKPY2KHO-
CTU CYIIECTBYIOT TPHU ONUCAHHBIX TOUYKHU. /lobasssis mertp O, mojydaeM, 9TO XOPOIIUX TOYEK He OOJIbIle
YeThIPEX.

Puc. 10.46

OcTaJioch y4ecTb, 9TO HEKOTOPbIE U3 HUX MOT'YT COBINACTD ¢ Bepiuuamu. [lockonbky npsmas Cumcona
BepIMHbI A — 9TO BBICOTA U3 HEE, Takoe mpoucxoaut, eciau paauyc OA mapaienen BC, to ects |/B —
— ZC| = 90°. D10 MOXKET MPOM30HTH 1 C JABYMs BEPIIMHAME — POBHO B TpeyrosbHuke ¢ yriaamu 30°, 30°
u 120°. Orciona u ciaeayer OTBer.



ecarast Bcepoccuiickas onmumMnuaja mo reomerpun um. . @. [Hlapbiruna

dunaabHbIN TYyp, ParmMmuno, 2014 r.

Pemtenus 3agau
10 kacc. Bropoit nenb

10.5 (A. Bacaasckud) B TpeyrosibHIKe TIPOBEJN BBICOTY U3 OJIHOI BEPIIUHBI, GUCCEKTPUCY U3 JIPYTOi
U MeJuaHy U3 TPeTbeill, OTMETH/IM TOYKHM MX IONAPHOIO IIEPECeUeHrsI, a 3aTeM BCE, KPOME STUX OTMEYEH-
HBIX TOYEK, CTepJn (TpU OTMEYEHHbIE TOUKHU PA3JIMYHBI, KPOME TOrO, M3BECTHO, KaKas SIBJIAETCS TbUM
nepecedenueM). Boccranosure Tpeyronbauk. (Hccaedosanue nposodumsv ne mpebyemcs. )

Pemenwne. Ilycts X, Y, Z — ormeuennbie Toukn. Ham Tpebyercst mocrpouts Ha npsaMbix XY, Y Z n
ZX rouku A, B u C' cOOTBETCTBEHHO TaK, 4ToObI B Tpeyrojbauke ABC Bbicota u3 A, buccekrpuca u3 B
u meuana u3 C' JjieyKaan COOTBETCTBEHHO HA TUX IPSIMBIX.

Bribepem 1mpousBoIbHYI0 TOUKY B’ 1 IpoBeiéM depes Heé mpsaMyto {1, IeplueH uKyaspayo X Y ; Toria
¢ nomxua 66Tk napaiienbia BC (em. puc. 10.5). TIposeném vepes B’ npsimyto, napajuiesbayio Y Z, u
oTpas3uM {1 OTHOCHUTEJILHO ITOI NMPSMOil; MbI HOJydIHM HpsaMyIo fo, napasutienbuyio AB. Ha {5 BeiOepem
Ipou3BOJIbHYI0 TOUuKy A’ m nposeiném depes cepeauny orpeska A'B’ upsimyio, napajiebayio Z X, Jo0
nepecedenus ¢ {1 B Touke C'. [loctpoenusriit Tpeyroibauk A’ B'C’ romorernvieH nCKOMOMY (OH II€PEBOJIUTCS
B ABC romorerueit, nepepoggmnieit A’ 1 B’ 8 A u B cOOTBETCTBEHHO; 3/IeCh MBI CUATAEM IapasiiebHbIi
[EPEHOC YACTHBIM CJIYIaeM MOMOTETHH ¢ OECKOHEYHO Y/IAJEHHBIM IEHTPOM ).

ls
\B/ g~ 4

/ El

Z/

C B

Puc. 10.5

[Tocrpoum B 3TOM Tpeyrosbauke Touku X', Y’ u Z') coorBercrBytonme X, Y u Z coorBercrBenno. 13
9TUX JIAHHBIX TOMOTETHS OJIHO3HAYHO BOCCTAHABJIMBAETCH, & TOCJEe STOI0 BOCCTAHABIUBAETCA M MCXOIHBIIM
TPEYTOJbHUK.

3amMmeuanune. /13 pemenud BU/JIHO, 9YTO 3a/a9a UMeeT €IMHCTBECHHOE PEIIeHne, €CJIn TOYKN X, Yuz Pal3JIMIHbI.

10.6 (E. H. Garsia) Brmcannasi OKpy>KHOCTb pazHocTopoHHero tpeyroiabauka ABC kacaercst AB B Touke C'.
OxpyxHocTh ¢ guamerpom BC' mepecekaeT BIMCAHHYIO OKPY?KHOCTbL BTOPUYHO B Touke Aj, a GuccekTpucy yria
B sropuuno B Touke As. OxpyxuocTh ¢ quamerpom AC’ mepecekaeT BIMCAHHYIO OKPYZKHOCTH BTOPUYIHO B TOYKE
By, a 6uccektpucy yria A Bropudso B Touke Bo. [lokaxkure, uro npsimbie AB, A1 B, As By niepecekaroTcst B OJIHOI
TOYKE.

Puc. 10.6

Pemnitenne. Ilycrs [ — neaTp BOuCcaHHON OKPYKHOCTH w, a J — €€ TOYKa, AMaMeTPaIbHO MTPOTUBOIIOJIOXK-
wasgs C' (cm. puc. 10.6). Hockonbky LAB1C' = ZC'B1J = /BAC' = ZC'A1J = 90°, rouku A1 u By — 310
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touku nepecedenus AJ u BJ ¢ w. Toukn xxe Ay u By — 310 ocHoBanus nepuenaukynsapos u3 C' na BI u Al,
COOTBETCTBEHHO.
Tenepn u3 npsmoyroabubix Tpeyroasuukos AC' I, BC'I, AC'J u BC'J ¢ Boicoramu C'Bg, C' Ay, C'By n C' Ay

nMeeM

ABy JA AC”? JC”? B AC”?  4IC™ B AC”? IO _ ABy 1A

BiJ AB (C'J2 C'B® 4C'I2 C'B® C'I? C'B?2 Byl AyB’
CornacHo Teopeme MeHesast, mpuMeHEHHON K TpeyrogbHukaM AIB u AJB, sro o3Havaer, uro npsambie A1 By u
As By niepecekator AB B oHO#i TOUKe (Wi 00€ napasijiebHbl €if).

10.7 (C. Inrocman, O. Ozueseuykuti) Jokarxkure, 910 17151 JTI0OOTO TETpaspa €ro CaMblil MAJCHbKUIT ABYTPaH-
HBIA yroJi (u3 1mectu) He GOJIbIIE, YeM JIBYTPAHHBIN yroJl MPaBUJILHOIO TEeTPasIpa.

Pemenue. Bynem cunrtarh, uro HanboJbias U3 MIoM@ell rpaHeit TeTpasapa paBHa 1; 0003HAUMM 5Ty IDAHb
qepes F. Ilycrs S1, So u S3 — miomaum ocTaJbHBIX TPEX I'PaHeil, a iy, (o U (3 — COOTBETCTBEHHO JIByTPaHHBIE
yTJIbI, OOpasoBaHHble 3TUMY IpaHsmu ¢ F. [IpoekTupyst atu Tpu rpanu Ha F, mOJydaeM, 9TO

Sy cosaq + Sy cosag + S3cosag = 1.

CrenoBare/ibHO, OJHO U3 BBIpAXKEHUH BUIA S; COS (v; HE MEHBIIE %, TO €CTh

1

cos o > 35
i

>

Wl =

B nmpaBuibHOM TeTpasape Bce TPHU BBIpaKeHUs PABHBI, KAK W BCe UETHIPe ILIOMAAN, TaK UTO B HEM KOCHUHYC
JBYTPAHHOTO yTJa paBeH % Otciona u caemyer Tpedbyemoe.

10.8 (H.Beayzos) lan srucannbiii gerbipexyroabauk ABCD. Buyrpu tpeyrosbauka BC'D B3siim 109Ky L,
PACCTOSTHHSI OT KOTOPOIl [0 CTOPOH TPEYTOJbHUKA IPOIOPIIUOHAIBHEI 3TUM CTOPOHAM. AHAJOIMIHO BHYTPU Tpe-
yrojapaukos ACD, ABD, ABC B3sum touku Ly, L., u Ly coorBercTBeHHO. OKA3a/I0Ch, YTO YEeTHLIPEXYIOJILHIK
LoLyL.Lg euucannsbiit. JHokaxkure, aro y ABC'D ectb JiBe napaJiiejibHble CTOPOHBI.

Puc. 10.8

Pemenne. [Tpenonoxum, 910 9eTbipexyronbuuk Lg Ly L. Ly Bniucanubiii, Ho B yerbipexyroibuuke ABC D ner
napaJuiebHbix cropod. O6osnaunm P = ABNCD, Q@ = ADNBC u R = AC N BD (cm. puc. 10.8). Hanee,
MyCTh KacaTeJbHble K OKpyKHOCTH B Toukax A, B, C u D obpasytor dersipéxyroabuuk STUV | kak mokazaHo Ha
pucyHke; HeKoTOpble u3 ToueK S, T, U u V MoryT 6bITh GECKOHEUHO YIAJEHHBIME, HO TOUKA P, () 1 R TaKOBBIMU
HE SBJISTIOTCS.



ITo Teopeme Hbrorona mjst omucanunoro 4derwipéxyroibauka STUV umeem R = SU NTV. Hajee, HeTpyHO
[TOHSATD, UYTO TOUKU L, u L. stBisttorcst Toukamu Jlemyana Tpeyrosbaukos BCD u BAD cooTBETCTBEHHO, TIO9TOMY
L, =BUNDT u L, = BVNDS. Ilpumenus teopemy [lanna k mecrtuyrospauky BUSDTV | nosydaeM, 9T0 TOYKA
R jrexxur Ha npsimoit Ly L. Anajiornano, Touka R jexxut Ha LyLg, 10 ectb R = Lo L. N LyLy.

O6osnaunm rakxke W = STNUV n X = SVNUT (9tu ToIKN MOTyT OBITH G€CKOHETHO y/1aaéHubMu ). Towano Tax
2Ke, npuMensisi Teopemy llanma k mecruyronbankam ATV BXW u anajorudsbim, moaydaem, 9to P = L, Ly N LcLyg
u@=L,LsN LyLe,.

Tax Kak BepHIMHBI TPeyrojibHUKa PQR SBJSIOTCS TOYKAMHU IepecevueHus JUaroHajieil u IMPOTHBOIOJIOKHBIX
CcTOpPOH deThbipexyrobanka ABC D, BepIUHBI 9TOTO TPEYTOJBHUKA SIBJISTIOTCS TIOJTFOCAME €r0 CTOPOH OTHOCUTEIHHO
OIIMCAHHOI OKPYKHOCTH k uerbipexyroibiuka ABCD (Takas OKPY:KHOCTb HA3BIBACTCS ABMONOAAPHOT OKPYHC-
nocmuto Tpeyroibauka PQR). Tlo Tem ke npudmHaM, ONUCAHHASI OKPYZKHOCTb S 4eThIpexyroiabHuKa Lo LyL.Lg
TaKXKe SBJISIETCS aBTONOJISAPHON oTHOCUTEeIbHO PQR. Ho 11t TpeyrojibHUKa MOXKET CyIIEeCTBOBATH MAKCUMYM OJIHA
ABTOIIOJISIPHAST OKPYXKHOCTb. CJieloBaresibHO, k = §, UYTO HEBOBMOXKHO, TaK KakK TOYKU Lo, Ly, L. u Lg jgexur
BHyTpH k.

3ameuanmue. [lokaxkem, 9T0 aBTONOISAPHAS OKPY2KHOCTDb MOXKET OBITH TOJIBKO ojiHa. Ecin w aBronossipua st
tpeyrosibHuka PQR, O — eé nenrp, a r — eé pajuyc, o PO 1L QR u QO 1 PR, 1o ectb O — OpTOLEHTP
tpeyrombauka PQR. Kpome toro, PO - p(O, QR) = r?, oTKy/a BOCCTaHABINBAETCA €8 PaIIyC.
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8.1. (J. Zajtseva, D. Shvetsov) The incircle of a right-angled triangle ABC' touches its catheti AC and BC
at points By and Ajp, the hypotenuse touches the incircle at point Cy. Lines C1A; and C1B; meet CA and CB
respectively at points By and Ag. Prove that ABy = BAy.

First solution. Consider an excircle with center 4
touching side AC' at point By and the extension of side BC'
at point A{. Since I4ByCAj is a square, we have [4Aj = P
= ByC. Tt is known that BoC' = ABj, thus I4A) = AB. -
Then AyBy || IaA, but I4A || B1Cy, therefore, Af), By, Cy are
collinear and Aj, coincides with Ay, thus BAy as a tangent to
the excircle is equal to the semiperimeter of ABC. Similarly
we obtain that ABy is equal to the semiperimeter, therefore ;" I,
ABy = BAy. ‘ -
Second solution. Since segments CA; and CB; are
equal to the radius r of the incircle, and lines C7 A1, C1B; are
perpendicular to the bisectors of angles B and A respectively,
we obtain from right-angled triangles C'AgB; and C'ByA;
that AoC = ——, ByC' = — . On the other hand AC = e
tg 3 tg 5 Al = Ag

r r
=4+ ot BC =1+ Wl Therefore ABy = AC + CBy = Fig. 8.1

— BC + C'Ay = BA,.

8.2. (B. Frenkin) Let AH, and BH, be altitudes, AL, and BL; be angle bisectors of a triangle ABC'. It is
known that H,Hy || LqLy. Is it necessarily true that AC = BC?

Answer: yes.

First solution. Since triangles H,H,C and ABC are similar, triangles L,L;C and ABC are also similar, i.e
L,C/AC = Ly,C/BC. Thus triangles AL,C and BL,C are similar. Thus, ZL,BL, = ZL,AL,, but these angles
are equal to the halves of angles A and B. Therefore AC' = BC.

C
C
Hb
/A
£ A
A B
Fig. 8.2a Fig. 8.2b

Second solution. Since H,Hp and AB are antiparallel wrt AC' and BC, L,L; and AB are also antiparallel
wrt AC' and BC, thus quadrilateral ALyL,B is cyclic. Then /L,BLy = /L AL, and AC = BC.

8.3. (A. Blinkov) Points M and N are the midpoints of sides AC and BC of a triangle ABC'. It is known that
/MAN = 15° and ZBAN = 45°. Find the value of angle ABM.

Answer: 75°.

Solution. Let G be the centroid of ABC, F be the midpoint GB, and GFO be the regular triangle such that
points O and A lie in the same semiplane wrt M B. Since ZMOB = 120°, O is the circumcenter of triangle M AB,
also we have /MOG = 30° = 2/M AG, therefore AG meet OG on the circumcircle of AMB, i.e. A, O, G are
collinear. Then 75° = ZMOA/2 = ZABN.



A B
Fig. 8.3a Fig. 8.3b

8.4. (T. Kazitsyna) Tanya has cut out a triangle from checkered paper as shown in the picture. The lines of
the grid have faded. Can Tanya restore them without any instruments only folding the triangle (she remembers the
triangle sidelengths)?

Cy
A1 Cy

\ Cs
-1 6 \ Cs
o \\\\ v ¢ \AA‘U\\
: B
Fig. 8.4a Fig. 8.4b

Solution. Let ABC be the given triangle (AC' = BC). It is evident that we can find the midpoint of an
arbitrary segment. Construct the median AAg, and find on it such point A; that AA; = AAy/4. By Thales
theorem line C'A; is the grid line intersecting AB at point C; such that AC; = AB/7 (fig.). Now constructing
segments C1Cy = CyC5 = -+ = C5Cg = AC1, we find all nodes lying on AB. Folding the triangle by the line passing
through Cs in such way that C5 be on CCY, we restore the grid line passing through C5, etc. The perpendicular
lines can be restored similarly.
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8.5. (A. Shapovalov) A triangle with angles of 30, 70 and 80 degrees is given. Cut it by a straight line into two
triangles in such a way that an angle bisector in one of these triangles and a median in the other one drawn from
two endpoints of the cutting segment are parallel to each other. (It suffices to find one such cutting.)

Solution. Let in triangle ABC ZA = 30°, /B = 70°, ZC = 80°.
Take an altitude AH. Then ZCAH = ZMHA = 10°, where M is the
midpoint of AC. Also ZHAL = 10°, where L is the foot of the bisector
of triangle H AB from vertex A. Therefore the median of triangle AHC
from H and the bisector of triangle BAH from A are parallel, and AH
is the desired cutting segment.

8.6. (V. Yasinsky) Two circles ki and ko with centers Op and Oy A B
are tangent to each other externally at point O. Points X and Y on k; Fig. 8.5
and ks respectively are such that rays O1 X and O2Y are parallel and codirectional. Prove that two tangents from
X to ke and two tangents from Y to k; touch the same circle passing through O.

Solution. Let S be the common point of XOs and Y O;. Let r1 and ro be the radii of the corresponding circles.

XS _ 018 _n_ 010 __n __nrz_
Then 502_ SY —T2—002.ThUSSO—T1+T202 _7“14-7"2-

X

Fig. 8.6

Let X Z be a tangent from X to, and Z’ be the projection of S to XZ. Then SZ' = TLOQZ = rrl_:Qr =S50.
1+ 72

1+ 72
Similarly the distance from S to three remaining tangents is equal to SO, i.e. S is the center of the sought circle.

8.7. (Folklor) Two points on a circle are joined by a broken line shorter than A ‘ B

the diameter of the circle. Prove that there exists a diameter which does not
intersect this broken line.
Solution. Let A and B be the endpoints of the broken line. Consider the
diameter XY parallel to AB. Let C be the reflection of B in XY, then AC isa X Y
diameter of the circle. Consider an arbitrary point Z on XY. Since AZ + BZ =

AZ +CZ > AC, Z can not lie on the broken line, therefore XY is the sought
diameter.

8.8. (Tran Quang Hung) Let M be the midpoint of the chord AB of a circle Fig. 8.7
centered at O. Point K is symmetric to M with respect to O, and point P is
chosen arbitrarily on the circle. Let () be the intersection of the line perpendicular to AB through A and the line
perpendicular to PK through P. Let H be the projection of P onto AB. Prove that QB bisects PH.

First solution Let QA intersect the circle (O) at C' which is distinct from A. Since BC' is the diameter of
the circle (O), we obtain that BC' and MK bisect each other at the center of the circle, which implies that the
quadrilateral C K BM is a parallellogram. Furthermore, M is the midpoint of AB, then CK M A is a rectangle since
one of its angles is right. We shall prove that M@ is perpendicular to PC. We have

3



MC? — MP? - QC? 4+ QP? = (CK? + MK?) — (2P0O? + 20K? — PK?) — (QK? — CK?)+
+(QK? — PK?) = 2CK? + 40K* — 2P0? — 20K? = 2CK? + 20K?* — 20C? = 0.
Hence, M@ is perpendicular to PC. Let BP meet QA at R. Notice that C'B is a diameter of (O), then BR is

perpendicular to PC. Thus, it follows that MQ is parallel to BR. @ is the midpoint of AR, which follows from the
fact that M is the midpoint of AB. Hence, QB bisects PH.

R
= P
AR w
Qy
2

C /\\1 N i K

o

j j \\\\\\7;‘
A H M B

Fig. 8.8a Fig. 8.8b

Second solution. Note that ZPBA # 90°; in the other case PK || AB, and point () doesn’t exist. Then BP
meets AQ at point R. Since triangles BPH and BRA are homothetic, we have to prove that ) is the midpoint of
AR.

Let point P’ be opposite to P. Then PA | P’A, PR 1 P'B, AR | AB, i.e. the correspondent sides of triangles
P'AB and PAR are perpendicular. Thus these triangles are similar and their medians from P and P’ are also
perpendicular. Using the symmetry wrt O we obtain that P'M || PK 1 PQ. Therefore PQ is the median in
APAR.
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9.1. (V. Yasinsky) Let ABCD be a cyclic quadrilateral. Prove that AC' > BD if and only if
(AD — BC)(AB —CD) > 0.

First solution. Without loss of generality we can suppose that arcs ABC and BCD are not greater than a
cemicircle. Then — AD = 27— — ABC— — BCD+ — BC >— B(C. Since arc ABCD is also greater than arc
BC, we obtain that AD > BC.

Now if AC' > BD, then — ABC >— BCD, — AB >— CD and AB > CD. If AC < BD all inequalities are

opposite.
B

Fig. 9.1

Second solution. Let M, N be the midpoints of AC and BD, L be their common point, and O be the
circumcenter. Let AL be the longest of segments AL, BL, CL, DL. Since AL-CL = BL - DL, CL is the shortest
of these segments. Then LM > LN, OM < ON and AC > BD. Also since triangles ALB and DLC' are similar

we obtain that AB _ AL i.e AB > CD. By the same way using the similarity of triangles ALD and BLC we

CD ~ DL’
obtain AD > BC.
9.2. (F. Nilov) In a quadrilateral ABC'D angles A and C are right. Two circles with diameters AB and CD

meet at points X and Y. Prove that line XY passes through the midpoint of AC.
Solution. Let M, N, K be the midpoints of AB, CD and AC respectively. Then the degree of point K wrt

2 _ AR2
the circle with diameter AB is equal to KM? — MA? = CB"— AR

1 , and its degree wrt the circle with diameter

2 _ 2
CD is equal to % Since AB? + AD? = BD? = BC? + CD?, we obtain that these degrees are equal.
(O—
B
wp
A D
Fig. 9.2

9.3. (E. Diomidov) An acute angle A and a point E inside it are given. Construct points B, C' on the sides of
the angle such that F is the center of the Euler circle of triangle ABC.

First solution. Let I; and ls be the arms of ZA so that rotating [; about A to an angle @ < 90° maps it onto
lo. Rotate Iy about E to an angle 2« and let its image meet [; at M and B be the reflection of A in M,. The
vertex C' is constructed analogously.



b

Fig. 9.3

Second solution. Let O and H be the circumcenter and the orthocenter of the sought triangle. Then F is the
midpoint of OH, /BAO = ZHAC and AH = 2A0 cos ZA. Therefore the composition of the reflection about the
bisector of angle A, the homothety with center A and the coefficient equal to 2cos ZA and the reflection around
F is a similarity with center O. Thus finding the center of this similarity we can construct B and C as the second
common points of the arms of the given angle and the circle with center O, passing through A.

Note. If ZA = 60° the considered similariry is the reflection about the line passing through £ and perpendicular
to the bisector of angle A. Thus we can take as O an arbitrary point of this line. In the other cases the solution is
unique.

9.4. (Mahdi ETtesami Fard) Let H be the orthocenter of a triangle ABC. Given that H lies on the incircle of
ABC' |, prove that three circles with centers A, B, C' and radii AH, BH, C'H have a common tangent.

First solution. Let H,, H,, H. be the feet of the altitudes. Since AH - HH, = BH - HH, = CH - HH,,
there exists an inversion about a circle with center H, transforming A, B, C to H,, Hp, H. respectively (if the
triangle is acute-angled take a composition of the inversion and the reflection around H). This inversion transforms
the sidelines of the triangle to the circles with diameters AH, BH, CH, and it transforms the incircle to the line
touching these three circle. The homothety with center H and the coefficient 2 transforms this line to the sought
one.

Second solution. Let I be the center of the incircle, Ay, Bi, C1 be its touching points with BC, AC, AB
respectively, and As, By, Cy be such points on three circles that AATH ~ ANHAA;, ABiIH ~ ANHBBy and
AC1IH ~ ANHCC5. The tangents to the circles in these points and the tangent to the incircle in H are parallel;
prove that these three tangents coincide, i.e. the projections of vectors H Ao, HBs and HC5 to I H are equal. It is
evident that they are codirectional. Since the angles formed by H As with I H and I Ay are equal, the first projection

are equal to the projection of HAs to AH, i.e. % - HH,. Find similarly the remaining projections and note that
AH-HH,=BH -HH,=CH -HH,.
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9.5. (D. Shvetsov) In triangle ABC ZB = 60°, O is the circumcenter, and L is the foot of an angle bisector of
angle B. The circumcirle of triangle BOL meets the circumcircle of ABC' at point D # B. Prove that BD | AC.

Solution. Let H be the orthocenter of ABC, and D’ be the reflection of H in
AC'. Then D’ lies on the circumcircle, and since ZB = 60°, we have BO = BH.
Thus, since BL is the bisector of angle OBH, then LO = LH = LD’. Therefore
BOLD' is a cyclic quadrilateral, i.e. D’ coincides with D.

9.6. (A. Polyansky) Let I be the incenter of triangle ABC', and M, N be
the midpoints of arcs ABC' and BAC' of its circumcircle. Prove that points M,
I, N are collinear if and only if AC' + BC' = 3AB.

First solution. Let Ay, By, C; be the midpoints of arcs BC', CA, AB of
the circumcircle, not containing the other vertices of ABC. It is evident that
MN and A;Bj are equal and parallel. Therefore they cut equal segments CCs
and ICY, where (5 is the midpoint of CI, on the line CC1, perpendicular to
MN. Since C] is the circumcenter of triangle AI B we obtain that Cy Ay = CoC = IC] = C1A = C1B (Ap and By
are the touching points of the incircle with BC' and C A respectively). Thus triangles CoC Ay and C1 AB are equal
(AB = CAyp). From this AC +CB = ABy+ BoC + CAy+ AgB = 2AB + ABy + AoB = 3AB. Similarly we obtain

the opposite assertion.

A

Fig. 9.5

C

J

Fig. 9.6a Fig. 9.6b

Second solution. Let J be the center of the excircle touching side AB. Then M and N are the centers of
circles AC'J and BCJ, and therefore M N is the perpendicular bisector to segment CJ, i.e. I is the midpoint of
C'J. Using the homothety with center C' and the coefficient 1/2 we obtain that the incircle touches the medial line
parallel to AB. The trapezoid formed by this medial line and the sidelines of ABC is circumscribed if the sought
equality is correct.

9.7. (N. Beluhov) Nine circles are drawn around an arbitrary triangle as in the figure. All circles tangent to
the same side of the triangle have equal radii. Three lines are drawn, each one connecting one of the triangle’s
vertices to the center of one of the circles touching the opposite side, as in the figure. Show that the three lines are
concurrent.

Solution. Introduce the following notation. Let 74, 7, 7. be the radii of the circles centered at O, Oy, O,
respectively. Let d,(X) be the distance from X to BC, and define dj, and d. analogously.

The figure composed of the lines CA and CB and the first three circles in the chain tangent to C'A, counting
from C, is similar to the figure composed of the lines CB and CA and the chain tangent to C'B. Therefore,
da(Op) : 1y = dp(Oy) : Tq. Analogous reasoning applies to the vertices A and B.



Fig. 9.7a Fig. 9.7b

We have, therefore,

and the claim follows.

9.8. (N. Beluhov, S. Gerdgikov) A convex polygon P lies on a flat wooden table. You are allowed to drive some
nails into the table. The nails must not go through P, but they may touch its boundary. We say that a set of nails
blocks P if the nails make it impossible to move P without lifting it off the table. What is the minimum number
of nails that suffices to block any convex polygon P?

Solution. If P is a parallelogram, then you need at least four nails to block it. Indeed, if there is a side s of
P such that no nail touches the interior of s, then you can slide P in the direction determined by the two sides
adjacent to s.

Now let P be an arbitrary convex polygon. We will show that four nails suffice to block P.

A set of nails blocks P if and only if, for every sufficiently small movement f (i.e., for every translation to a
sufficiently small distance and every rotation to a sufficiently small angle), the interior of the image f(P) of P
covers some nail.

Fig. 9.8a Fig. 9.8b

Let the circle ¢ of center O be one of the largest circles contained within P. Let A;, As, ... Ag be the points at
which ¢ touches P’s boundary, and let H be their convex hull.

Suppose that there are two vertices U and V of H such that UV is a diameter of ¢. Place two nails at U and V.
It is easy to see that, since the sides of P that contain U and V' are parallel, the only movements still permitted to
P are the translations in a direction perpendicular to UV. (Indeed, all other directions of translation would cause
P to cover either U or V when the translation distance is small enough; all clockwise rotations whose center lies to
the left of the ray UV would cause P to cover V when the rotation angle is small enough; all clockwise rotations
whose center lies to the right of UV would cause P to cover U when the rotation angle is small enough; and so on.)

A third nail prevents P from sliding to the left of uv , and a fourth one prevents it from sliding to the right.
4



We are left to consider the case when no side or diagonal of H contains O.

Suppose that O € H. Let PQ be that side of H which separates H and O and let the tangents to ¢ at P and @
meet in 7. Then a homothety of center T' and ratio larger than and sufficiently close to one maps ¢ onto a larger
circle contained within P: a contradiction.

Therefore, O € H. Consider an arbitrary triangulation 7 of H and let ABC' be that triangle in 7« which contains
O. (A, B, and C being three of the contact points of H with the boundary of P.)

Since no side or diagonal of H contains O, O lies in the interior of AABC. It is easy to see, then — as above —
that three nails placed at A, B, and C block P.
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10.1. (I. Bogdanov, B. Frenkin) The vertices and the circumcenter of an isosceles triangle lie on four different
sides of a square. Find the angles of this triangle.

Answer. 15°, 15° and 150°.

Solution. Let the circumcenter O of triangle XY Z lie on side AB, and its vertices B
X, Y, Z lie on sides BC, CD, DA of square ABCD. Since segment OY intersect
segment X 7, angle XY Z is obtuse, thus X7 is the base of the triangle. Then OY L
X Z; since segments OY and X Z are perpendicular and their projections to perpendicular o
lines BC' and AB respectively are equal, we obtain that these segments are also equal,
i.e. the side of the triangle is equal to its circumradius. Since angle XY Z is obtuse,
we obtain that /XY Z = 150°, then two remaining angles are equal to 15°.

10.2. (A. Zertsalov, D. Skrobot) A circle, its chord AB and the midpoint W of the
minor arc AB are given. Take an arbitrary point C' on the major arc AB. The tangent
to the circle at C' meets the tangents at A and B at points X and Y respectively. Lines WX and WY meet AB
at points N and M respectively. Prove that the length of segment N M does not depend on point C.

First solution. Let T be the common point of AB and CW. Then AT and AC are antiparallel wrt angle
AWC'. Since W X is the symedian of triangle C AW, it is the median of triangle ATW, Thus N is the midpoint of
AT. Similarly M is the midpoint of BT, i.e. MN = AB/2.

X

Fig. 10.1

Puc. 10.2

Second solution. Consider circle w, touching XY at C and touching AB (at point T'). It is easy to see that
W X is the radical axis of A and w, i.e. it passes through the midpoint N of segment AT, Similarly WY passes
through the midpoint M of segment ZB. Thus M N = AB/2.

10.3. (A. Blinkov) Do there exist convex polyhedra with an arbitrary number of diagonals (a diagonal is a
segment joining two vertices of a polyhedron and not lying on the surface of this polyhedron)?

Answer. Yes.
Solution. Let SA; ... Apy2 be a (n+2)-gon pyramid and T'S A, 41 An + 2 be a pyramid with base SA, 41 An + 2
and sufficiently small altitude. Then the diagonals of polyhedron T'SA; ... A, 19 are segments T Aq, ..., TA,.

10.4. (A. Garkavyj, A. Sokolov) Let ABC be a fixed triangle in the plane. Let D be an arbitrary point in the
plane. The circle with center D, passing through A, meets AB and AC again at points A, and A, respectively.
Points B,, B., C, and Cj are defined similarly. A point D is called good if the points Ay, Ac, Bq, Be, Cq, and C
are concyclic. For a given triangle ABC, how many good points can there be?

Answer. 4.



Solution. It is evident that the circumcenter O satisfies the condition. Now let D does not coincide with O.
Let A’, B’, C’ be the projections of D to BC, C'A, AB respectively. Then the midpoints of segments AB and A, B,
are symmetric wrt C’, therefore the perpendicular bisector to Ay B, passes through point O’, symmetric to O wrt
D. The perpendicular bisectors to A.C, and B.C} also pass through O’, thus O’ is the center of the circle passing
through six points.

i

r

Cy A, /B\U C

Fig. 10.4a

Since points D and O are on equal distances from A, and A., line DO’ is the perpendicular bisector to ApA..
But A, A, || B'C’, therefore DO" L B'C’. Similarly DO’ | A'B’, i.e. points A’, B, C" are collinear. Thus, D lies on
the circumcircle of ABC' and its Simson line A’B’C’ is perpendicular to radius OD. When D moves on the circle
its Simson line rotates in the opposite direction with twice as smaller velocity, therefore there exists exactly three
points with such property (these points form a regular triangle).

Fig. 10.4b



X Geometrical Olympiad in honour of I.F.Sharygin
Final round. Ratmino, 2014, August 1

Solutions

Second day. 10 grade

10.5. (A. Zaslavsky) The altitude from one vertex of a triangle, the bisector from the another one and the
median from the remaining vertex were drawn, the common points of these three lines were marked, and after this
everything was erased except three marked points. Restore the triangle. (For every two erased segments, it is known
which of the three points was their intersection point.)

ly
/ QI/ A

/ 61
A

C B

Fig. 10.5

Solution. Let X, Y, Z be the marked points. Then we have to find points A, B, C on lines XY, YZ, ZX
respectively such that XY, YZ, ZX be the altitude, the bisector and the median of triangle ABC. From an
arbitrary point B’ draw a ray l; perpendicular to XY, and such ray Iy, that the bisector of the angle formed by
these rays be parallel to Y Z. Take an arbitrary point A’ on Iy and draw through the midpoint of A’B’ the line
parallel to ZX meeting [; at point C’. Triangle A’B’C’ is homothetic to the desired one. Constructing the points
corresponding to X, Y, Z, find the center and the coefficient of the homothety.

10.6. (E. H. Garsia) The incircle of a non-isosceles triangle ABC' touches AB at point C’. The circle with
diameter BC” meets the incircle and the bisector of angle B again at points A; and A respectively. The circle with

diameter AC" meets the incircle and the bisector of angle A again at points By and Bs respectively. Prove that
lines AB, A1B1, A>B> concur.

Fig. 10.6

Solution. Let I be the center of the incircle, and .J be its point opposite to C’. Then A; and B; are the common
points of AJ, BJ with the incircle (because ZAB1C' = Z/C'B1J = Z/BA,C’ = ZC"A1J = 90°). From right-angled
triangles AC'I, BC'I, AC'J and BC'J with altitudes C'Bsy, C'As, C' By and C’'A; we obtain

ABy, IA; AC? IC? AC? JC? AB) JA

B, A,B  C'I? C'B2 C'J2 C'B2 ByJ AB’
i.e. by Menelaos theorem A1B; and A3 By meet AB at the same point.

10.7. (S. Shosman, O. Ogievetsky) Prove that the smallest dihedral angle between faces of an arbitrary
tetrahedron is not greater than the dihedral angle between faces of a regular tetrahedron.
Solution. Let the greatest area of the faces of the tetrahedron is equal to 1. Let Sy, S2, S3 be the areas of the

remaining faces, and aq, s, ag be the angles between these faces and the greatest face. Then Sy cos ay + .52 cos ag +
S3cosag = 1 and, therefore, one of angles oy, ao, a3 is not greater than arccos L

g.
3



10.8. (N. Beluhov) Given is a cyclic quadrilateral ABCD. The point L, lies in the interior of ABCD and
is such that its distances to the sides of this triangle are proportional to the lengths of corresponding sides. The
points Ly, L., and Ly are defined analogously. Given that the quadrilateral L,LyL.Lg4 is cyclic, prove that the
quadrilateral ABC'D has two parallel sides.

Solution. If ABCD is an isosceles trapezoid, then so is Lo Ly L. Lg.

Suppose, then, that L,LyL.Lg is cyclic and that ABC D has no parallel sides. Let P = ABNCD, Q = ADNBC,
and R = AC' N BD. Furthermore, let the tangents at A and B to the circumcircle of ABC'D meet in .S, those at
B and C' meet in T, those at C and D — in U, and those at D and A —in V.

Fig. 10.8

It is well-known that R = SUNTV and that L, = BU N DT and L. = BV N DS. By Pappus’s theorem for
the hexagon BUSDTYV, we see that R lies on L,L.. Similarly, R lies on LyLy and, therefore, R = L,L. N LyLy.
Analogously, P = L,Ly N L.Lg and Q = LyLgN LpL..

Since the vertices of APQR are the intersections of the diagonals and opposite sides of ABC D, the circumcircle
k of ABCD has the property that the polar of any vertex of APQR with respect to k is the side opposite to that
vertex. Analogously, the circumcircle s of L, Ly L.L4 has the same property. Given APQ R, however, there is exactly
one such circle. It follows that k = s, and this is a contradiction because L,LyL.Lg lies in the interior of ABCD.



