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1. Let S = {1, 2, . . . , n}, where n ≥ 1. Each of the 2n subsets of S is to be colored red or blue. (The
subset itself is assigned a color and not its individual elements.) For any set T ⊆ S, we then write
f(T ) for the number of subsets of T that are blue.

Determine the number of colorings that satisfy the following condition: for any subsets T1 and T2 of
S,

f(T1)f(T2) = f(T1 ∪ T2)f(T1 ∩ T2).

2. A circle is divided into 432 congruent arcs by 432 points. The points are colored in four colors such
that some 108 points are colored Red, some 108 points are colored Green, some 108 points are colored
Blue, and the remaining 108 points are colored Yellow. Prove that one can choose three points of
each color in such a way that the four triangles formed by the chosen points of the same color are
congruent.

3. An integer is assigned to each vertex of a regular pentagon so that the sum of the �ve integers is
2011. A turn of a solitaire game consists of subtracting an integer m from each of the integers at two
neighboring vertices and adding 2m to the opposite vertex, which is not adjacent to either of the �rst
two vertices. (The amount m and the vertices chosen can vary from turn to turn.) The game is won
at a certain vertex if, after some number of turns, that vertex has the number 2011 and the other
four vertices have the number 0. Prove that for any choice of the initial integers, there is exactly one
vertex at which the game can be won.

4. A tournament is a directed graph for which every (unordered) pair of vertices has a single directed
edge from one vertex to the other. Let us de�ne a proper directed-edge-coloring to be an assignment
of a color to every (directed) edge, so that for every pair of directed edges −→uv and −→vw, those two edges
are in di�erent colors. Note that it is permissible for −→uv and −→uw to be the same color. The directed-
edge-chromatic-number of a tournament is de�ned to be the minimum total number of colors that
can be used in order to create a proper directed-edge-coloring. For each n, determine the minimum
directed-edge-chromatic-number over all tournaments on n vertices.

1


